
Since Rx×Ry = R(x×y) for any x, y ∈ R3 and R ∈ SO(3),
and ρθ(g) ∈ SO(3), we can show that the above reduces to
F ◦ g = (I4×4 ⊗ ρθ(g))F = g ◦ F , where ⊗ denotes the
Kronecker product.

2) Yaw Dynamics Module: From (9) and (10), the re-
maining one-dimensional yaw dynamics, decoupled from the
roll/pitch dynamics, can be written as

ḃ1 = ω23 × b1 = −Ω2b3 +Ω3b2, (23)

J3Ω̇3 = M3. (24)

where ω23 = Ω2b2+Ω3b3 ∈ R3 represents the angular velocity
for yawing.

Let b1d(t) ∈ S2 be a desired direction of the first body-fixed
axis, given by a smooth path on S2. Here, we reformulate the
above yaw dynamics into the error dynamics representing the
difference between b1 and b1d . In general, we cannot guarantee
that b1 asymptotically converges to b1d as b1 is always normal
to b3, but the desired trajectory b1d does not necessarily satisfy
the same constraint. To resolve this, we project b1d onto the
plane perpendicular to b3 to define a projected yaw command
b1c = (I3×3 − b3b

T
3 )b1d ∈ S2, ensuring that b1c ⊥ b3 always.

Then, the yawing error eb1 ∈ (−π, π] is formulated to be the
angle between b1 and b1c within the plane normal to b3, i.e.,

eb1 = atan2(−b1c · b2, b1c · b1). (25)

Note that, despite b1 being a two-dimensional unit vector in
S2, the yaw error is reduced to be one-dimensional on S1 due
to the constraint that both b1 and b1c are orthogonal to b3.

One can show that the time derivative of eb1 is given by

ėb1 = Ω3 − ωc3 , (26)

where ωc3 = b3 · ωc ∈ R with ωc ∈ R3 representing the
angular velocity of b1c resolved in the inertial frame, i.e., ḃ1c =
ωc × b1c .

By taking the time derivative of this and substituting (24),
the yawing error dynamics is simplified into

ëb1 =
1

J3
M3 − ω̇c3 . (27)

As such, the state and action variables for the yawing module
are smod2 = (eb1 , ėb1) ∈ Smod2 = R2 and amod2 = M3 ∈
Amod2 = R, respectively.

Reflective Equivariance: Next, we show that the above
yaw error dynamics exhibits an inherent symmetry with re-
spect to the finite cyclic subgroup G = {1,−1} of GL(1)
generated by −1. This symmetry ensures the equivariance of
the system with respect to the simultaneous flipping of signs
for the concatenated pair (smod2 , amod2) = (eb1 , ėb1 ,M3) as
illustrated in Figure 3.

Let ρr be a group representation acting on a scalar x ∈ R
for g ∈ G, defined as ρr(g)x = x if g = 1, and ρr(g)x = −x
if g = −1. This representation describes how scalar state or
control variables transform under the action of the reflection
symmetry group G. In particular, the action of ρr(−1) corre-
sponds to flipping the sign of the variable. The group G acts
on (smod2 , amod2) via the representation ρr as

gsmod2 = (ρr(g)eb1 , ρr(g)ėb1), (28)

b1

b1c
+eb1

+M3

(s, a)

g

(gs, ga)

b1

b1c
−eb1

−M3

Fig. 3. Illustration of the group action corresponding to the reflection
symmetry with respect to the finite cyclic subgroup G = {1,−1}. The
reflectional action g ∈ G transforms the original state-action pair (s, a) (left)
into the reflected pair g(s, a) (right), preserving the symmetry of the yaw
error dynamics.

gamod2 = (ρr(g)M3). (29)

Proposition 3. The yaw error dynamics (27) is equivariant if
|ω̇c3 | ≪ 1.

Proof. Let (s1, s2) = (eb1 , ėb1) ∈ R2 be the state variable of
the yawing dynamics. The second-order dynamics of (27) is
rearranged into

ṡ1 = s2,

ṡ2 =
1

J3
M3 − ω̇c3 ,

where the right hand side is consolidated into F (s, a) ∈
Smod2 × Amod2 → R2. It is straightforward to show that
F (−s,−a) = −F (s, a) if ω̇c3 = 0.

In summary, in the modular model of the quadrotor dynam-
ics, the first module for the translational dynamics satisfies the
rotational equivariance, and the second module for the yawing
error dynamics satisfies the reflective equivariance.

IV. EQUIVARIANT REINFORCEMENT LEARNING FOR
QUADROTOR DYNAMICS

In the preceding section, we identified the equivariance
properties of the quadrotor dynamics, and we showed that a
set of trajectories satisfying the dynamics can be generated by
applying the group action to a single trajectory. Or, such a set
of trajectories related to the group action can be identified by
an equivalent class. In reinforcement learning that requires an
extensive set of multiple trajectories, the former can be utilized
to diversify the training data with the group action, and the
latter can be encoded for generalization capabilities, where the
outcome of learning for a single trajectory is extended to other
trajectories related by the group action.

Equivariant reinforcement learning is to exploit these prop-
erties to enhance sampling efficiency and generalization abili-
ties. This section shows that the equivariance properties of the
dynamics result in symmetry properties of the optimal value
function and the optimal policy in reinforcement learning,
which can be implemented via equivariant neural networks.
And we illustrate how these can be applied to the quadrotor
dynamics.


